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Abstract
Hydrodynamics and heat transfer in a fully developed laminar incompressible

reciprocating channel flow subjected to a constant heat flux have been investigated
analytically using similarity transformation. An exact analytical solution for the velocity,
loca] and bulk temperature as well as of Nusselt number have been obtained. The effect
of the parameters Pr,4,, 4 and X /D, on T, T,". Nu,and Nu, are presenied.

The results showed that the local Nusselt number is increased with increasing
Womersly number (&} while the dimensionless temperature is increased with Womersly
and decressed with amplitude (4,). Prandil number has significant effect on local
Nusselt number.

The results were found in very good agreement with that obtained numerically using
finite volume method, The comparison with the experimental results of other authors
gave a reasonable identification.

Keywords: Similarity solution; Reciproceting flow; Heat transler; Channel
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Nomenclature

A, Dimensioniess oscillation
amplitude X ../ D,

¢ Spesific heat of fluid ,J kg K

Dy, Hydraulic diameter 4H . m

f  Similarity transformation function,
ut = f(}’+) emt

g Similarity transformation function
defined in eq.(13)

H Half height of chonnel ,m
k. Local heat ransfer coefficient ,
W /m? K

& Thermal conductivity W i{mK
L Length of channel,m

Nu, Local Nusselt number
p  Pressure of the fluid N/ m*
Pr Prandtd number via
P, Amplitude af pressure gradient
of the fluid,mis"
g°  Heat flux at the wall W/ i
Re, Kinetic Re ynolds mumber,
@D iv
¢ Time,s
T Temperawire K
u  Axial velocity,m/s
i, Time—space averaged axial
velocity,m/ s
x  Axial distance,m
X oo Moximum amplitude of the
fuid displacement, in
¥ Vertical coordinate for channel o m
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a Thermal diffusivity of fluid ,m* /s
B, Critiacl values of reciprocating

ﬂawl (AD Ay Rew o7

y  Dimensionless time average axiol
JTy

+

temperature gradient,

A Womersly number, HValv

i Dymamic viscosity of fhuid
hglms
v Kinematic viscosity of fluid,m’ fs
p  Density of fluid kg ! m’
r  Dimensionless time, o
&  Radial ascillatory freguency,rad /s
Subscript
b Bulk
€ Center fine
max Maximum vailue
Wall
x Axial distance
Superscript
+ Dimensionless
- Time guerage
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Introduction

Oscillatory flow is important in
the modern life and can be found
in many fields such as biological,
sociology, engineering application
such as 1.C. and Stirlling engines
and design of heat exchangers,
Reciprocating flow is the first lype
of oscillatory flow in which the
mean veloeity is equal o zero, the
other type is the pulsating flow
where the mean velocity is not
equal to zero, Reciprocating flow
can be found in Stirlling evcles
machines, pulse tube crycooler,
heat exchangers, electronic cooling
and  pulse combustor. The
requirements of these equipments
to have an optimum and best
design conditions necessitate the
development of these studies,

The wunsteady flow is simply
occurred when the motion of the
fluid is started suddenly from rest,
The flow near a flat plate which
are impulsively accelerated from
the rest was solved firstly b?’
Stokes as cited by Schlichting [,
The similar case for suddenly
accelerated flow from rest is the
flow about an infinite flat wall
which executes linear harmonic
oscillations parallel to itself and
which was first treated by Stokes
and later by Rayliegh as cited byl!)
They found that the oscillatory
boundary layer or the so called
“Stokes layer’ has thickness of

Bs]oual for eering Scn.l “ .

d=~2v/@ which increased with
increasing the kinematics
viscosity and decreasing  with
increasing the angular frequency,
This showed that the thickness of
boundary layer became thinner
with increasing the frequency,
which lead to enhance the
characteristics of oscillatory flow,

Uchida® 1956, obtained an
exact soluticn for axial velocity
profile of a fully developed
laminar reciprocating flow in a
circular pipe. This sohition was
simplified to give the velocity
distribution for small values of the
Womersly number {very low
oscillation) and large values of
Womersly number {very high
oscillation).

Many of experimental
studies were made to describe the
oscillatory  flow characteristics.
Zhao & Cheng®, investigated
analytically and experimentally the
fully developed laminar
incompressible reciprocating pipe
flow. They defined the cycle-
averaged friction coefficient as a
function of the kinetic Reynolds
number and the amplitude.
Karagoz""! 2002,  introduced
analytical solution based on
similarity  transformation for
oscillatory pressure driven, fully
developed flow in g channel,
Variations of the velocity profile
and skin friction coefficient over a
cycle had been obtained together
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with behavior of the flow for
various oscillation frequencies.

Most heat transfer studies in
reciprocating flow are experi-
mental or numerical and only few
anatytical can be  found.
Kurzweg?, considered the heat
transfer  rate  between  two
reservoirs by conduction only and
the effect of reciprocating flow on
the coefficient of thermal
diffusivity. Kurzweg 6] examined
analytically the enhancement of
longitudinal heat transfer through a
sinusoidally oscillatory viscous
flow in array of parallel-plate
channels with conducting side
walls.

Zhao and Cheng!”? 1995,
presented a numerical solution for
laminar forced convection of an
incompressible periodically rever-
sing flow in a pipe of finite length
at constant wall temperature. They
iliustrated a typical phase shifts
between temperature and axial
velocity at selected locations.
Karagoz™® studied numerically and
experimentally the boundary layer
of heated channel from the bottom.
He illustrated the effect of
Reynolds and Womersly niwnbers
on the heat transfer parameters,
Sert and  Beskokll 2003,
performed a numerical simulation
for reciprocating flow in two-
dimensional channels. The flow
between two paratlel plates was
considered harmonically in time
with a pressure gradient. They
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observed the quasi-steady flow
behavior for o=l  (where

a = Hfoiv ) (low frequency), and
Richardson’s effect for a=10 (high
frequency).

It is clear that there are
many numerical and experimenial
studies carried out for this type of
flow but there js a scare in
analytical investigation. In this
type of flow, there are many
difficulties to find  analytical
solution for the hydrodynamic and
heat transfer in reciprocating flows
due to the complicated nature of
unsteady flows. Therefore this
study will be devoted 10 solve
analytically the reciprocating flow
in order 1o understand the
phenomenon of the unsteady flow
and the controlling parameters. In
this study a new analytically
solution is developed using
similarity ~ transformation  for
momenitum and energy equations
and as a checking means, a
numerical solution applying finite
volume method is also obtained.
The effect of the parameters (A,
Pr,X/D, and 4,) are taken i fo
account in evaluation of the
velocity profile, local and bulk

temperature distribution and local
Nusselt pumber.

Theoretical Analysis

1- Hydrodynamics analysis
The reciprocating flow in

the 21D channel Fig.1, is analyzed
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hydrodynamically, The Navier-
Stokes  equations for fully
developed flow, constant
properties, reciprocating pressure
driven and laminar flow through
a horizontal channel can be
written as

1 8p
L (1)
P oy
ou__18p, 2
%= Paﬂ}@? (2)
where!*
_la_P=P cosen mRe( P, e™) (3}
par ¢ ’

The boundary and  initial
conditions

L u=0 at y=tH fort>0
no stip at th wall  (4a)

=0ar y=0 jfort>0

-y

ou
2. Y
axisymetric {45
3. u=f(y) at =0
initial condition  (4¢)
In dimensionless form Eq.2 can
be written as

out _ 1 BPu )
ot A ayt?

The boundary and  initial
conditions in dimensionless form
becomes
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X Reciprocating
Flow

(A
q'=c
Fig.1 Physicat model for
reciprocating flow in channel

Lu=0 at y*=F1 t* >0 (6a)
Cu”

2-—==0aty =0 t*>0(6b
™ )

3= f(y)att =0

initial condition {6¢)
where
ut =2 v Moo =Xm“m=!£,
¥ 2 &

1
A= H-lealy =% Re, ,Re, = Dj a9
¥

¥ =}J;_—, t* = and D, = 4K

(for the channel with width >> height)
Appling similarity transformation
of the form™ 4 = £(p*3e* in
Eq.5 gives

3 @

20]-;.!_;| ey T T ——



Solving the above ordinary
differential equation yields

[ eoshAfizy*
=i | EOSOVIAY ¢ Ra
4 *[ cosh id ] e
and

+ EGShJEE_}"*- nr

=i| —-1 Bh
) {cush—ﬁl le &

. . ' 1+i

Appling the ident Jiz=—— ,
pping 1denuty 4 N

the real part of u” can be written
as
et oac- BD)sins*
¢+ pt
_ (BC - AD)cost”
C* + D
where
A = cosh(Ay* 12} cos(y* 1Z)10a)

&)

B =sinh(y" /¥2)sin(Ay* /+2) (108)

¢ =cosh(A/V2) cos(A/+2}  (10c)
D= sinh(A/2) sin(A/~2) (10d)

2. Heat transfer analysis
Taking imto accourt the
previous assumptions the
problem can be described by
energy equation without viscous
dissipation (]q;:=0) which could be
reduced to®

Y sucats an

The boundary and initial
conditions are
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I.E{:{} at y=0 for t>0
o

axigymelric {12a)
2, q"-.:k% aty=tH for (>0

const, heal flux atthewall (125)

.T=f0) a (=0
initicl condition {12¢)

Eq.11 in the dimensionless form
becomes

art 9Tt

ax+ ayl-z

x

Prlz~ai~+% A Pr A u

and D, =4k (for the channel with
width >> height)
The boundary
become:

conditions

ar”

+*

1. =0 at y* =0 fort" >0

axisymetrie (14a}
ar”*

+

2. =1 at y* =%l for t' >0

const, heat flux at the wall (14b)
3.7 =p(xt +g(y™) a 17 =0
initial condition {l4¢c}
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Assuming  similarity  trans-
formation of the form™
T:%(x+ﬂhg{y]em) (15)

or in dimensionless form yields
v __d_T__.F__:: + PO L I
T ‘aw(” + g0 )=
ixt g0y )e“‘} (16)

N .
where: at: is a time-average

+

axial dimensionless temperature

gradient.
and
7 = Ljrpar (7a)
Ty
where
1
IT-I- u+£j}'+
Ty =% {178}
j’u+ af}"l‘
it
Substituting  the  similarity

transformation of T+ Eq.16, and
the solution of «* Eq8b in
Eq.13, then the energy equation
described by Eq.13 can be
reduced to ordinary deferenial
equation as

g'-fprj.lg:%aprf[“_“ﬂﬁ’iy— ~1]

coshfid
(18}
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The solution of Eq.l18 can be
written as

g =C, coshiPrdy” + sinh +/i Priy™
N A, Pr cosh-fidy" +._41
2(1-Pr} coshfid 2

(19)

where C, and C,are constants.
Using the boundary conditions
described by equations Egs.l4a
and 14b vield the temperafure
distribution

- E+F

i +U2,|I'2Pr;t}f

T =y

2Pr (1 —Pr) U, G

(B Z,+ A ﬂ}sinf*]+ 4,Pr,

Qycost” — B sin¢” . cost?
C, (1-P1) Pr
(20}

where

E,F,U.Y,2,.Cy, 0, and Fare
functions  obtained  during
derivation and given in the
Appendix A.

The gradient of
dimensionless time-average bulk
temperature 7y used in the
previous derivation  can be
obtained from the energy balance
for control volume of the fluid in
the channel as

010 F) a0 aandl Apasigll p ghli 6 pal A



29" 1.dx = pcp{ZH.l}ﬁmdﬁ (2N

or in dimensionless form

A
&Y PrHu,

(22)

where 7, is obtained from the
following relation

. T

5. =L siNG d0= 23)
Zp
thus Eq.22 can be written as
di,’ T
LT YV . S— (24
dx* Y apr A2 :

The instantaneous-local Nusselt
number is defined as

h D, 1

(25)

where

P

(T, ~Ts)
while the time averaged -focal
Nusselt number i8 defined as
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Results and Discussion

The solution of momenium
and energy equations shows that
four parameters have influence on
the flow and heat transfer and
these are: Womersly number A
dimensionless amplitude of fluid
displacement 4, Prandil number
Pr and the ratio of distance to
hydranlic diameter x{Dy.

The valtes of h and 4, are
to be taken so that the value of
4,Re, is not greater than fo, e,
To avoid the limit of turbulence
intensity region, the values of A,
are taken 1o be less or ﬂ%ua.'l to 400
as most authors used, and the
values of » and 4, are then related
to it. The Prandtl number Pr is
taken to equal 0.7 in the various
caleulations.

Reciprocating flow require
interchange between the inflow
and out flow boundaries along the
length of pipe or channel during a
cycle. 1t 1s assumed that the fluid
particles during 2 cycle exiting the
flow domain, i.e. the time required
for the flow to go along the
chanpel length equal to the time

N, = RaDy 1 (26) for the coming back flow.
ko T0-T Starting from the veloeity
distribution, Fig.2 illustrates the
where variation of dimensionless velocity
1_-‘1:- =-"l'}ir.:df+ 2N ut with dime.'(ISiDIﬂ'BSS charmel
Ty height during a half cycle m. The

velocity profile is represented at

. as J for ngeeri Si.] ! 4} n w pylall s N
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different times {30° between each
time used). The profiles clarify
that the velocity is depending on
the time at which the velocity is
taken for constant controlling
parameters. Therefore at a certain
time the »* becomes parabolic
(unidirection) and in other time it
reverse specially af the region near
the wall. This effect is due to the
oscillation of the flow which
makes the region near the wall
faster than at the core region and
this is called Richardson annular
effects’®. At approximately 130°
the flow begins to reverse its
direction (the fluid flowing near
the wall starts to reverse its
direction as mwuch as 30°
approximately sooner than the
flow reversal in the center of the
charmel.

Fig.3 shows the distribution
of dimensionless temperature T~
with dimenstonless channel height
over a half cycle . H is clear from
the temperature profiles, that the
wall temperature is greater than the
center temperature since  the
heating is at the wall. The sharp
velocity gradient near the wall
leads to change in the temperature
distribution across the channel
height, i.e. the annular effect of
velocity creates annular effect in
the temperature distribution, Tt is
also clear from the shape of
velocity and temperature
distributions that, increasing the

Besrah Journal for Engineering Science/No 1720148

velocity causes a decrease in the
temperanire.

The two Figs. 2 & 3 show
the phase shift between the
velocity and temperature distri-
butions.

Figs4 & 5 indicate the
influence of Womersly number A
on the velocity »* profile and
temperature T+ profile respect-
ively across the channel height at
the dimensionless time /3. For
high Womersly number A of flow,
the velocity and temperature
distribution is significantly
affected by the Richardson’s
annular effect,

Fig.6 & 7 present the effects
of Womersly number % and
dimensionless amplitude of the
fluid displacement 4, on the bulk
temperature 7,” over a complete
cycle 2m.  Fig.6 illustrates the
influence of increasing Womersly
number & on 7,” during a one cycle
2n. The values of A are equal to: 4,
8, and 12, It shows declinmg in
Iy with increasing Womersly
number, because of increasing the
velocity of flow due to increase
the frequency, which cause the
temperature to decrease. The effect
of dimensionless amplitude of
fluid displacement 4, on the bulk
temperature  7,” along one cycle
2w is presented in the Fig.7. It is
illustrated that 7," decreases with
increasing 4,, which is due to
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increase of quantity of flow
(velocity or volumetric flow rate}
with increasing 4,.

The periodical change of the
velocity with time for
reciprocating flow requires that the
velocity at the certain time reaches
ZRT0 which, makes the
dimensionless bulk temperature
T} to go tfo infinity at that time.
This behavior makes a clear
discontinuity in the distribution of
7, with time,

Fig.8 indicates the variation
of instantancous-local  Nusselt
number Nu, with time{one cycle
2y for different value of
Womersly number (A =4, 8 and
12). The increment of Womersly
number raises M, which is
attributed  to thinner boundary
layer and therefore small thermal
resistance. The values of Nu, goes
to infinity at the certain time,
which is resulting from the value
of 77 .1Itis clearly shown from the
figure that the value of Nu, for
reciprocating flow is larger than
that for steady fully developed
flow m the channel which equals
to Nu=%235""1, This enhancement
makes the application of oscilla-
tory flow or reciprocating flow is
very  effective means for
enhancement of heat transfer and
can be used in a wide field of
industrial application.
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Fig.9 illustrates the effect of
dimensionless amplitude of fluid
displacement 4,on the local
Nusselt number Nu, over a ong
cycle 2z It is shown that 4, has
no effect on  Nu,, because the
variation of 4, means the change
of velocity or volumetric flow rate
which has no effect on Nu, for
folly developed flow.

Fig 10 illustrates  the
variation of the instantaneous-local
Nusselt number Nu_ over one
cycle 2r for different x/D,
(x*=10, 20 & 25) and the other
parameters are constant. It is
seemed from the figure that Mu, is
independent on x/D,, since the
flow is fully developed.

Finally, the variation of the
time  averaged-local — Nusselt
number ANu. with Pr number
during one cyecle 2w, is presented
in the Fig.11, for two values of &
(A=4 and 8) while the other
controlling parameters are kept
constant. The increment of Prandtl
number Pr increases Nu, due to
the change of thermophysical
properties of the fluid, Also, the
figure shows the effect of
Womersly number A on the time
averaged-local Nusselt number
Nu., which increases with

increasing the Womersly number
A,
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Eq.5 is solved numerically
using the finite volume method.
Fig.12 shows the comparison
between analytical and
numerical solution of Eq.5,
which gives a very good
agreement. Fig.13 illustrates the
analytical and numerical
solution of 7* ( solution of
Eq.13). This figure shows a very
good agreement between
analytical and numerical
models. In the region near the
wall a less agreement is
obtained, because of the annuiar
effect or the oscillation flow
which is occurred in the region
nearest to the wall,

The new model is
compared with experimental
investigation for convective heat
transfer in a rectangular duct
heated from below and
subjected to a periodic flow, by
Copper et al. and cited by Zhao
and Cheng!® . This experimental
work was done for turbulent
flow and the results were
correlated by suitable relation
for Nu since no experimental
work done for laminar flow
therefore the comparison will be
made at critical oscillatory
parameter g, only. The
parameter that used in the
comparison is  space-cycle

Basrah Journa! for Engineering ScienceNo.1/2010

averaged Nusselt number Nu

which is defined as®!
Wu=0548%4," *Re* (28)
where
A= P Re, Jor channel

Fig.14 shows the

comparison between the value
of Nuobtained from the new
mode! with the experimental
correlation obtained by Copper
et al®! (Eq.28) for various
values of Womersly number.
The behavior of the results
obtained from both work have a
similar trend. The observed
difference between them may be
attributed the flow region that
used in the cxperimental

correlation  (transition  and
turbulent regions).
Conclusions

From the present analytical
model it can be concluded that:
1- Analytical modeling for
hydrodynamics and heat transfer in
the oscillatory flow is possible
based on the following
congiderations:  laminar, 2D,
incompressible, horizonial channel
, no viscous dissipation O=0 and
the flow is driven by reciprocating
pressure gradient.
2- The reciprocating flow 1is
studied and the obtained effecting
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parameters that control the flow
and heat transfer are defined as:
Womersly number 2, dimension-
less amplitude of fluid displace-
ment 4,, Prandtl number Pr and

the ratio of distance to hydraulic
diameter x/ D,

3. The dimensionless bulk or
center temperature and the
instantaneous-  local  Nusselt
number Nu, are fluctuating
periodically with time.

4- The instaniancous-local Nusselt
number Nu and time averaged-

local Nusselt number Nu; are
clearly increased with increasing
Womersly number and Prandt]
pumber.

5. The reciprocating flow gives
enhancement in the heat transfer
rate reaches to order of magnitude
for Nu, or Mu. as compared with
steady state flow at the same
considerations {Mw,=8.235 with-
out reciprocating flow).
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=040 0.0 0.4 1.20

Fig.2 The Variation of the dimensionless velocity profile for =4, 4,=15,
pr=0.7 and x/ D, =20.

1.0

N v

0.0 0.3 o 08 .12
T
Fig.3 The Variation of the dimensionless ternperature profile for =4,
A,=15,Pr=0.7 and x/D,=20.
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"
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Q.Qo .40 .80 1.20
+
i

Fig.4 The Effect of Womersly number A on the dimensionless velocity
profile at @t =60°, for 4,=15, Pr=0.7 and x/ D,=20.

1.00
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D00 —]

-0.50 —

-1.00

a.00 0.0 o.ug o2
T+
Fig.5 The Effect of Womersly number A on the dimensionless temperature
profile at @t =607, for' 4,=15, Pr=0.7 aund x/D,=20.
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.40
- - =4
o A=
0.08 — & =12
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b
004 ——
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2.00 =1 T : T T v 1 T I T
.00 S0.00 120.00 1a4.00 240.00 J00.00 =280.00

wt (degree)
Fig.6 The Effect of Womersly number X on the instanianecus dimensionless
bulk temperature at A =15, Pr=0.7 and x/ D, =20.

D15

T,

0,00

1 I 1 T

0.00a 20,00 1 Eﬂ-ll.OCI 180.00 DAG OO B[00 00
@t (degree)
Fig.7 The Effect of dimensionless amplitude of fluid displacement on the
instantaneous dimensionless bulk temperature at A=4, Pr=0.7 and x/ D, =20.
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820.00

]
Nu,
2000
e.e8 4 : | : - 1 ! | ' | '
oo B0 00 120.00 18000 =240.00 200,00 AG0.o0D
@t {degree)

Fig.8 The Effect of Womersly number on the instantaneous-iocat Nusselt
number at 4,=15, Pr=0.7 and x/ D, =20,

403,00
(1 A =10
ac.00 - [ Ao=15
Nu

GO0

¥ I Ll I ¥ l T | ¥ I T
Q.0Q B0 0o A20.00 a0, oD Za0.00 O O 360 00

@t (degree)
Fig.9 The Effect of dimensionless amplitude of fluid displacement on the
instantaneous-local Nusselt number at A=4, Pr=0.7 and x/ D =20
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Fig.10 The Effect of ratio of the distance to the hydraulic diameter on the
instantanecys-local Nusselt number at =4, 4 =15 and Pr=0.7.
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Fig.11 The Effect of Prandtl number on the time averaged-local Nusselt
number at 3=4 and 8, for 4,=15 and x/ D, =20,

.00

 Basrah Journal for Engineering Science/No.1/2010 2010 AN 2w el o B3yl A



130

1.00 T ——
] —~ Analytical
—#— Numerical
0.50 —
+
y
LAY —
-0.50 —
— —l-
-1.00 1 == T T ] T | T
0.00 Q.10 Q.20 0.30 0.40

u-!-

Fig.12 Comparison between the velocity profile of analytical and numerical
solutions at ¢ = 0.05, h=4, A =15, Pr=0.7 and x/D, =20.
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Fig.13 Comparison between the temperature

numerical solutions at wt = 0.05 »A=4, 4
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Fig.14 Comparison of the space-cycle averaged Nusselt number between
present model and the experimental correlation of Copper et al.l”l,
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Appendix A

The functions that find in the Eq.3.20 are defined as

E=EU+FW (A1)
E=FU-EW (4.2)
Uy =02+t {4.3)
K=rYc+zpn {44)
Zy=mZC-Y D (A.5)
C,=C?+p? {A6)
Q=0C+PD (47)
F=PC-0D {(4.3)
and

E=cosh{PrZ 2" ) codyPr2 2)7) (4.9)
F=sim{yPr2 2y*) sinlyPr2 2y*) (4.10)
U =sinh(VPr2 2 ) sinlyPr3 4 ) (A1)
W = cosh{yPr/2 1) vos{y/Pr2 2 ) (4.12)
0 =cosh(2/v2 y*) cos(1/v23*) (4.13)
P=sinh{2/v2 3" ) sin(4/v3 p*) (414)
€ =coshfd/42 ) cos{2/+2 ) (4.15)
D =sinh{i/y2 ) sin( 2743 ) (4.16)
¥ =sinh{i/42 ) cos(2/+/2 ) (417)
Z=cosh(1/+2 } sin{ 477 ) (4.13)
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